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Abstract—Crystallization of a uniform binary liquid at the cooled vertical boundary of an enclosure can
generate compositional stratification in the melt. During its evolution the induced stratified region is
separated from the uniform melt by a sharp density interface which migrates with time. This phenomenon
is studied experimentally in an axisymmetric geometry, by cooling and crystallizing a uniform aqueous
solution of sodium carbonate (Na,CO;) by means of a vertical circular pipe through which coolant is
circulated. The investigation is focused on the effect of the applied undercooling on the structure of the
crystal and on the growth rates of the stratified layer depth and the typical crystal diameter. It is shown
that, at low undercooling, the dendrites at the mush-liquid interface are packed, the stratified layer depth
grows as ¢! and the typical crystal diameter grows like 1**° (where ¢ is the time from initiation of cooling).
At larger undercooling, the dendrites are spiky and the stratified layer depth and the typical crystal diameter

grow like 7' and

1. INTRODUCTION

In recent years a large number of experimental and
theoretical studies has been devoted to fluid motions
associated with crystallization or solidification
processes. In particular, it was recognized that buoy-
ancy and double diffusive heat and mass transfer play
important roles due to the coexistence of temperature
and concentration gradients in the liquid phase [1, 2].

Among the various configurations studied, con-
siderable attention has been given to the crys-
tallization of an initially uniform binary melt at the
vertical boundary of an enclosure [3-6]. Upon crys-
tallization at the vertical boundary, the density of the
depleted melt at the vicinity of the growing crystal is
decreased (increased) as compared to the ambient and
consequently light (heavy) liquid flows towards the
top (bottom) of the container.

Turner [3] and Turner and Gustafson [4] have
shown experimentally how the above phenomenon
can cause the build up of compositional stratification
in the melt. If, for example, the depleted liquid is
lighter than the ambient, it accumulates at the top of
the container, and a sharp density interface separates
it from the uniform liquid below. The continuous supply
of light liquid to the top of the container, and its
interaction with the (initially uniform) environment,
gradually build up a stabilizing concentration gradient
in the melt. During its evolution, this gradient zone is
separated from the uniform melt below by a sharp
density front which migrates downwards.

Turner and Gustafson [4] have suggested that the
mechanism by which the stratification is established
is similar to that of the ‘filling box’ model of Baines

t0,7

, respectively.

and Turner [7] which predicts the build up of strati-
fication due to the continuous action of a constant
buoyancy source in a uniform enclosure. However,
Turner and Gustafson [4] have emphasized that in a
crystallizing system the simple ‘filling box’ model is
modified in two ways. Firstly, as the crystal grows
away from the cooled vertical boundary, its growth
rate is reduced as well as the rate of supply of buoyant
fluid. This is essentially different from the constant
flux of the buoyancy source in the ‘filling box” model.
Consequently, a state can be achieved at which the
rising fluid is unable to penetrate the density interface
and hence the downwards migration of the latter
ceases at a certain final depth. Secondly, during its
generation, the vertical concentration gradient is
exposed to a lateral temperature gradient between the
solid-liquid interface and the melt. Thus, horizontal
double diffusive layers can form by the mechanism
also relevant to non-crystallizing double diffusive sys-
tems [8-10]. Instead of a smooth concentration
profile, as predicted by the “filling box’ model, a ‘stair-
case’ structure can be generated.

Using physical and numerical experiments Thomp-
son and Szekely [5, 6] have studied in detail the struc-
ture of the melt during the crystallization of aqueous
solutions of Na,CO, at the vertical boundary of a
cavity. They have shown that horizontal double
diffusive layers form within the stratified layer pro-
vided a large enough horizontal temperature gradient
is maintained between the solid—liquid interface and
the ambient melt. For small enough lateral tem-
perature gradient no layering occurred and the strati-
fied zone remained almost stagnant. This phenom-
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NOMENCLATURE

¢ specific heat Greek symbols
C concentration e dimensionless undercooling,
d cooling pipe diameter (TL~Tp)/(TL—Tg)
D typical crystal diameter AT  undercooling, Ty — T¢.
h thickness of stratified layer
H depth of fluid in the enclosure
K diffusion coefficient
L latent heat of fusion
Le Lewis number, K,/K; Subscripts
m,n  exponents 0 ambient
Pr Prandtl number, v/K, E eutectic
St Stefan number, ¢ (T — Tw)/L f final
t time elapsed from initiation of cooling F coolant
T temperature L liquidus
w width of enclosure s solute
z height from the bottom of the t heat

enclosure. w wall.

enon was also observed by Nishimura ez al. [11] using
liquid crystals for temperature field visualization.
The present work was motivated by the obser-
vations of Turner and Gustafson [4] that the for-
mation of the gradient zone and its further breakup
into a system of horizontal double-diffusive layers
have crucial effects on the heat, mass and momentum
transports within the melt, and hence on the properties
of the crystal formed. As a first step towards the under-
standing of this problem, we have focused here on
the initial stage of the above process, namely, the
development of the compositional stratification in an
initially uniform binary liquid, cooled and crys-
tallizing at a vertical boundary. In most of the exper-
iments the growth of the solid crystal was also studied.
The formation of horizontal double diffusive layers
during crystallization is not addressed here ; to prevent
it we have utilized the above mentioned finding of
Thompson and Szekely [5] and insulated the sidewalls
of the tank so as to maintain a small enough lateral
temperature gradient within the melt (see Section 3).

2. DIMENSIONLESS PARAMETERS

One of the parameters governing crystallization and
solidification processes in binary alloys is the Stefan
number [12]

«(TL—Tw)
St = 7 )
where ¢ is the specific heat of the solid (or the mush,
[2]), Ty is the equilibrium liquidus temperature of the
initial uniform solution, Ty is the temperature of the
cooled boundary and L is the latent heat needed to
transform the melt into solid. Thus, St represents the
ratio of sensible to latent heat. For a given binary
alloy, ¢ and L can be assumed constants, and therefore
the undercooling 7, —Tw, represents the non-

dimensional Stefan number. In the present exper-
iments 7, was not measured directly. Instead we have
measured (see Section 3) the coolant temperature at
the inlet of the cooling pipe, Tr. Therefore, hereinafter
we define the undercooling as AT = T — T.

An important property of a binary alloy is its eutec-
tic temperature Tg. Under equilibrium conditions, in
temperatures below the eutectic, both components of
the alloy become solid, while above it only one com-
ponent becomes a solid while the other remains liquid
such that a porous mushy zone is formed. As shown
below (see Section 4) it is useful to normalize the
undercooling using the eutectic temperature of the
binary alloy under investigation. Thus we define a
dimensionless undercooling as

T T,
T —Tg

For the binary system Na,CO;—H,0, the eutectic tem-
perature is Tg = —2.1°C [13].

The magnitude of the undercooling determines
whether the solid-liquid interface will be spatially
planar or irregular during the crystal growth. For
large undercooling the crystal grows irregularly and
is said to be morphologically unstable [14]. On the
other hand, if the undercooling is low enough, the
interface is planar, i.e. it is morphologically stable. In
the present study the interface seems to be always
unstable. However, within the unstable regime, the
undercooling controlled the crystal structure and two
different morphologies of the dendrites at the mush—
liquid (hereinafter denoted as m-l1) interface were
observed, namely, packed and spiky dendrites (Sec-
tion 4.2).

During the crystallization process a stage is attained
at which the stratified layer growth ceases such that
its depth reaches a final value, ;. The dimensionless
final depth is defined here as h;/H where H, the depth
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Crystallization of a binary melt

of the fluid in the enclosure, is the upper limit for the
depth of the stratified layer.

Other parameters governing the problem are the
aspect ratio of the enclosure H/W where W is the tank
width, the dimensionless pipe diameter d/W where
d is the cooling pipe diameter, the Prandtl number
Pr = v/K, where v is the kinematic viscosity and K, is
the thermal diffusivity and the Lewis number
Le = K,/K, where K, is the solute diffusivity. The
values of the latter two parameters, estimated at the
concentration and temperature ranges in the exper-
iments [15, 5] are, Pr = 10.7 and Le = 300.

3. EXPERIMENTAL FACILITIES AND
PROCEDURES

The experimental facility is basically similar to the
one used by Turner and Gustafson [4]. A square glass
tank 20 x 20 x 30 cm high, was fitted with a vertical
stainless steel pipe, 8 mm O.D., extending throughout
its depth. The resulting dimensionless pipe diameter
isd/W = 0.04. The sidewalls of the tank were insulated
by 4 cm thick plastic insulation plates, which could be
removed for observation and photographic purposes.
The top and bottom of the tank were insulated by 2.5
cm thick plastic insulation. The solution in the tank
was cooled by circulating pre-cooled coolant through
the vertical pipe using a constant temperature cooling
bath (Haake F3-K).

The crystal growth and the flow patterns were
visualized using the shadowgraph technique. The
beam of a 35 mW He-Ne laser was filtered and
expanded by a spatial filter and then was collimated
by a 15 cm diameter plano-convex lens. The resulted
parallel circular beam was passed horizontally
through the solution and was projected on a semi-
transparent paper, attached to the front sidewall of
the tank.

Temperatures were measured by thermocouples
type T (copper—constantan) using a data acquisition
system consisting of a personal computer equipped
with A/D and thermocouples boards. The tem-
peratures were measured during the experiment at the
inlet and outlet of the cooling pipe, and the vertical
distribution of the temperature within the liquid phase
was measured by a fixed vertical rake of 12 thermo-
couples. The rake was located at a radial distance of
5.1 cm from the pipe centerline. The rake thermo-
couples were calibrated prior to each experiment
against the initial uniform temperature of the solution.
During calibraticn the latter temperature was mea-
sured independently using a bulb thermometer the
accuracy of which was +0.2°C. The error in the tem-
perature measurement at the inlet (7%) and outlet of
the cooling pipe is +0.5°C. The difference between
the measured coolant temperature in the inlet and
outlet of the pipe was usually less than 0.7°C. The
liquidus temperature for each concentration was esti-
mated using the phase diagram of Na,CO; from ref.
[13].
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The vertical concentration distribution within the
liquid phase was determined by withdrawing small
samples (25 4l in volume) of solution at a radial dis-
tance of 6 cm from the pipe centerline, and measuring
their refractive index by a hand-held salinity refrac-
tometer. The refractometer was calibrated at room
temperature against three solutions of Na,CO,, the
concentrations of which cover the range anticipated
in the experiment. Each refractive-index measurement
was carried out after the withdrawn sample attained
the same room temperature. Thus the effect of the
variable temperature of the sample on its density was
cancelled and the actual concentration could be deter-
mined.

Two series of experiments were carried out, each
with a different initial concentration and various
values of the dimensionless undercooling ®. The
experimental conditions and the main results are listed
in Table 1. Series 1 was done with an initial uniform
concentration Cy, = 10.3 wt % (with one experiment
with a slightly smaller Cy = 9.85 wt %) and series 2
was carried out with Cy; = 12.7 wt %. In Table I, n
and m are the exponents for the growth of the stratified
layer depth and the typical crystal diameter, respec-
tively. Their definitions are given below (see Section
4).

Each experiment started by filling the tank with a
uniform solution of sodium carbonate (Na,CO,) to a
height of 11-11.6 cm. Hence the aspect ratio in all
experiments was about H/W = 0.57. In most of the
experiments the initial uniform temperature of the
solution was within the range 16-18°C. Prior to each
experiment the solution was allowed to rest for at least
30 min and then, circulation of pre-cooled coolant
through the vertical pipe commenced. The coolant
temperature was kept constant throughout the exper-
iment. The resulting crystallization process and fluid
motions were observed by the shadowgraph technique
and photographed by a camera. In particular, the
instantaneous depth of the moving front was recorded
(see for example the horizontal black lines in Fig.
3(a) below), to study the growth of the compositional
gradient layer. As seen in Fig. 3(a) the growing crystal
is vertically non-uniform. Therefore we have studied
the growth of a typical diameter, which was chosen
here as the crystal diameter at the instantaneous level
of the moving front.

4. RESULTS AND DISCUSSION

4.1. The structure of the melt

The experiments were carried out with solutions of
super-eutectic concentration so we expect the depleted
liquid to flow upwards and the stratified layer to grow
downwards from the top of the container. To identify
the density interface separating the stratified layer
from the uniform melt below we observe the vertical
concentration profile in Fig. 1, measured in a typical
experiment with an initial uniform concentration
C, = 10.3 wt % (for which T} = 9°C) and ® = 1.40.
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Table 1. The experimental conditions and results
C, [Wt %] AT[PC] ® T,[°C] H[mm] n m
Series 1
103 9.6 0.87 17.0 115 1.10 0.43
10.3 9.7 0.87 17.0 115 1.10 0.32
10.3 13.4 1.21 16.0 113 1.05 0.44
10.3 15.5 1.40 17.7 112 1.52 0.74
103 16.4 1.48 18.0 116 1.47 0.74
9.85 19.0 1.88 14.3 114 1.53 0.65
Series 2
12.7 9.0 0.60 17.1 113 1.14 0.56
12.7 13.0 0.86 17.0 110 1.15 0.48
12.7 16.0 1.06 17.1 113 1.30 —
12.7 16.5 1.09 16.8 110 1.33 —
12.7 19.0 1.26 17.5 110 1.43 —
12.7 19.5 1.29 16.2 113 1.41 0.67
12.7 23.5 1.56 16.9 114 1.49 0.77
12.7 26.5 1.76 15.4 113 1.58 e
o . with C, = 10.3 wt % and ® = 1.40 are shown in Fig.
&1 . 2. These profiles illustrate the competition between
a . two physical mechanisms that influence the tem-
’z‘“f . perature field as discussed by Turner and Gustafson
Eg . [4]. Initially, cooling produces a downflow in a cooled

N n . . .

- ‘. and heavier boundary layer adjacent to the pipe
§g_ . surface. This flow induces a stabilizing temperature
+ gradient within the melt as shown by profile 4 in Fig.

ER . 2. With time, however, as crystallization progresses,
the decrease in concentration more than cancels the
3 density increase due to cooling, so that cooled (but

8.0 2.0 100 1.0
CONCENTRATION, C (WT%)

Fig. 1. The vertical concentration profile in the melt (at
t ~ 900 min) as determined by withdrawing small samples
and measuring their refractive index by a refractometer. The
dashed horizontal line represents the location of the interface
as observed by the shadowgraph technique at 7 = 900 min.
The experimental conditions are C,= 103 wt % and
0=14

7.0

This concentration profile shows that the liquid phase
is divided into two different regions: an upper strati-
fied layer with a stabilizing concentration gradient and
a lower uniform layer. The horizontal dashed line on
this figure (at z = 57 mm where z is the height from
the bottom of the tank) represents the location of
the density interface as observed by the shadowgraph
technique at the time the concentration profile was
measured. Thus, the front of the stratified layer is
identified with the interface observed by the shadow-
graph (see e.g. Fig. 3(b) below). All measurements of
the stratified layer depth reported below are therefore
based on the shadowgraph observations of the moving
interface. Concentration profiles similar to that shown
in Fig. 1 were also reported by Huppert et al. [16] for
crystallization at the inclined boundary of an enclosure.

Vertical temperature profiles as measured by the
thermocouples rake exhibit the thermal structure of
the melt during the crystallization process. Two tem-
perature distributions measured at different times
elapsed from the initiation of cooling in an experiment

lighter) depleted liquid flows upwards. Consequently,
at the upper region of the melt the temperature gradi-
ent is reversed and becomes destabilizing, as shown
by profile b in Fig. 2. Turner and Gustafson [4] sug-
gested that this destabilizing vertical temperature
gradient is one of the causes for the formation of
horizontal double diffusive layers in the stratified
region. In most of our experiments such layers were
not observed during the evolution of the stratified
region (except for experiments with very low under-
cooling, see Section 4.2). This implies that the induced
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Fig. 2. Two vertical temperature distributions within the melt

as measured by the thermocouples rake at different times

during the crystallization process. (Q) ¢ =80 min, ((J)

t = 920 min. The experimental conditions are C, = 10.3 wt
% and © = 1.4,
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destabilizing vertical temperature gradient was not
large enough to breakup the concentration profile into
a series of horizontal layers.

4.2. The crystal morphology

In all experiments the observed crystal consisted of
a dendritic mushy layer. However, several mor-
phologies and shapes of this mushy zone were
observed, depending on the magnitude of the under-
cooling. The shadowgraphs in Fig. 3 show four typical
shapes. We first observe Fig. 3(a) and (b) which illus-
trates the transition from packed to spiky morphology
of the dendrites in two experiments with C, = 10.3
wt %. In Fig. 3(a) taken from an experiment with
@ = 1.21, we observe a non-planar, irregular m-I
interface. We identify the humpy surface of this inter-
face with a packed structure of the dendrites. On the
other hand, in an experiment with larger under-
cooling, ® = 1.40, the surface of the m-| interface in
the stratified zone is much more irregular as shown by
the shadowgraph of Fig. 3(b). In particular, at the
upper part of the crystal, spiky dendrites are observed
which slope down with the distance from the cooling
pipe. The shadowgraphs in Fig. 3(a) and (b) were
taken at almost the same time (~900 min) from the
initiation of cocling in both experiments. It seems
that the increase of about 0.2 in the dimensionless
undercooling (which corresponds to an increase of
2.1°Cin AT) caused a substantial change in the mor-
phology of the m-| interface. In other experiments
with the same (or very close to this) initial con-
centration the above behavior was preserved. In
experiments with ® > 1.40, the m-l interface was
spiky while in experiments with @ < 1.21, the
packed structure was observed. These observations
suggest that for C; = 10.3 wt % transition from
packed to spiky morphology occurs in the range
121 < ® < 1.40.

Spiky crystals similar to those of Fig. 3(b) were
observed by Chen and Turner [13] and by Huppert
[2] in cooling and crystallizing aqueous solutions of
Na,CO; either at a sidewall or at the top of the tank.
Chen and Turner [13] suggested that this kind of crys-
tal is formed when the convective motions in the melt
are weak, which is in agreement with our observation
that spiky crystals develop mainly within the stratified
layer, at the upper region of the crystal. This implies
that in our experiments with smaller ®, where spiky
crystals do not form, e.g. Fig. 3(a), the convective
motion in the upper stratified layer is stronger than
that in the experiments with larger ©@.

Another series of experiments (series 2 in Table 1)
was carried out with a larger initial concentration
Co=12.7 wt % (T = 13°C) and various values of
the undercooling. Packed and spiky morphologies of
the m-1 interface were also observed, but the transition
from the former to the latter was more gradual than
that in series 1 with C; = 10.3 wt %. For example, the
crystal obtained in one experiment of series 2 with
® = 1.06 is shown in the shadowgraph of Fig. 3(c). It
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is observed that in this case the m—I interface is more
irregular than the packed interface of Fig. 3(a), but it
is not as spiky as that in Fig. 3(b). In series 2 a spiky
m-l interface was observed for ® > 1.26 and a packed
interface was found for ® < 0.86. This suggests that
for C,=12.7 wt %, the range of transition from
packed to spiky morphology is 0.86 < ® < 1.26.

In the series of experiments with C, = 12.7 wt %,
the value of the dimensionless undercooling at the
transition from packed to spiky growth is close to
1. In the series with C; = 10.3 wt % the transition
undercooling is ® =~ 1.3, somewhat larger than 1.
Recalling equation (2) we notice that @ = 1 when the
coolant and not the boundary temperature is equal
to the eutectic temperature. Consequently, for this
definition of ©, we expect ® > 1 for a eutectic tem-
perature at the boundary.

We suggest here that in experiments with large ©
the cooled boundary temperature was lower than the
eutectic temperature such that a eutectic solid could
be formed around the pipe surface. This implies that
the spiky mushy crystal observed in Fig. 3(b) sur-
rounds a layer of eutectic solid (which could not be
observed). In experiments with lower ®, apparently
no eutectic solid was formed which implies that the
packed dendrites seen in Fig. 3(a) occupy the whole
crystal. Thus the transition of the m-1 interface from
the packed to the spiky structure is presumably associ-
ated with the decrease of the boundary temperature
below the eutectic and the formation of a eutectic
solid adjacent to the pipe surface.

When the applied undercooling is much lower a
different growth process emerges, as shown in Fig.
3(d) taken from an experiment with ® = 0.4. During
most of this experiment crystallization occurred only
at the lower part of the pipe, which resulted in a
conical crystal. Only for ¢ > 900 min the whole cooling
pipe was covered with crystal. Such a conical structure
can produce a counter-current flow : an upflow around
the region of the growing crystal due to compositional
convection and a downflow around the bare upper
part of the cooled pipe due to thermal convection.
Moreover, in this experiment (and some other exper-
iments performed with a similar @), horizontal double-
diffusive convection layers were formed within the
upper stratified layer. For these two reasons exper-
iments in this low undercooling were excluded from
the present study.

4.3. The growth of the stratified layer

A typical plot of the stratified layer depth, A, as
a function of time taken from an experiment with
Co = 10.3 wt % and ® = 1.21 is shown in Fig. 4. As
seen in the graph, the growth process can be divided
into three different stages indicated in Fig. 4 as a, b
and c. The first stage a in this example is up to about
t = 160 min at which moment the stratified layer depth
is h = 4 mm. We identify this stage with the initial
transient period during which the melt around the
cooling pipe is cooled down to the liquidus tem-
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Fig. 3. Some morphologies of the mush/liquid interface. (a) Packed m-1 interface, C; = 10.3 wt %,

© = 1.21, ¢t = 905 min. (The black horizontal lines are marks which represent the location of the density

interface at earlier times.) (b) Spiky m- interface, C; = 10.3 wt %, ® = 1.4, 1 = 965 min. (c) Irregular

packed structure of the m—1 interface, C, = 12.7 wt %, ® = 1.06, ¢ = 857 min. (d) The conical shape of

the crystal at low undercooling, C; = 12.7 wt %, ® = 0.4, = 670 min. In all photographs the shadow of
the thermocouples rake is seen on the right.

perature and crystallization commences. As crys-
tallization progresses, the migration velocity of the
density interface increases as indicated by the larger
slope of the data points during stage . Furthermore,
it is observed in Fig. 4 that during this stage, this slope
is almost constant. In this exampie stage b terminates
at about ¢ = 900 min at which moment the depth of
the stratified layer is # = 24.5 mm. During the next
stage (¢) the growth rate of the stratified layer is
reduced again and the front seems to approach a final
depth of about 35 mm. The latter phenomenon can
be explained by the reduced rate of supply of buoyant
fluid as discussed in Section 1.

Figure 4 suggests that considerable growth of the
stratified layer occurs during stage b, where the slope
of the data points is almost constant. For this stage,
the instantaneous depth of the stratified layer can be
expressed as

ot 3)

where 7 is to be determined experimentally. It must
be emphasized that this relation is not valid for the
whole growth process of the stratified layer since, as it
is seen in Fig. 4, the layer eventually attains a final
depth. Nevertheless, as shown below, this simple
power law is useful in characterizing quantitatively
the effect of the undercooling on the growth processes
observed in these experiments.

In each experiment the value of n was estimated by
fitting a straight line to the data points of stage b
using the least squares method (see Table 1). The
time boundaries of stage b were chosen such that the
maximum standard error in the estimated value of »
is 0.04. For most experiments the standard error was
less than 0.03. It is noticed that in some experiments
the slope of stage @ was equal to that of stage b.
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Fig. 3 (continued)

Figure 5 shows the values of # as a function of the
undercooling ® for the 14 experiments conducted in
this investigation. The results were extracted from the
above mentioned (Section 4.2) two series of exper-
iments. The points marked by @ in Fig. 5 are from

a b c
] ; L eee
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5410 10° 10
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Fig. 4. The depth of the stratified layer developed within the

melt, 4, as a functicn of time during crystallization with

Co = 10.3 wt %, @ = 1.21. q, b and ¢ represent three stages
during the growth process.

the series No. 1 with C, = 10.3 wt % (except for the
point ® = 1.88 with a slightly different C;, = 9.85 wt
% and T = 8°C), while the points marked by [
correspond to the series No. 2 with C, = 12.7 wt %.
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DIMENSIONLESS UNDERCOOCLING, 8
Fig. 5. The exponent n (equation 3) of the growth of the
stratified layer depth as a function of the applied under-
cooling ® for the two series of experiments: @ —C; = 10.3
wt %, [1—C, = 12.7 wt %. The horizontal dashed lines
represent the average values of low and high n.
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The results of series 1 exhibit essentially two differ-
ent values of the exponent », depending on the under-
cooling (see Table 1). For the three experiments with
® < 1.21, the values of n are 1.1, 1.1 and 1.05, while
for the three experiments with ® > 1.40, the values of
nare 1.47, 1.52 and 1.54. In the results of series No. 2
the variation of » with ® is more gradual than that in
series No. 1. For the range of undercooling studied
here it seems that n increases linearly with ©.
However, in view of the significant change of the crys-
tal structure at ® ~ 1.1 (for series No. 2) and the
limited range of @, we suggest that for this series of
experiments the system also assumes regimes of low
and high n, with a gradual change from the former to
the latter. In particular, for the two experiments with
O < 0.86, the values of the exponent n are 1.14, and
1.15 while for the four experiments with @ > 1.26, its
values are 1.41, 1.43, 1.49 and 1.58. Two experiments
of this series with ® = 1.06 and 1.09 resulted with
n = 1.3 and 1.33, respectively. Thus, for all exper-
iments mentioned above (excluding the latter two with
n & 1.3), the average value of high #is 1.49+0.06 and
the average value of low #is 1.11 £ 0.04. These average
values are represented by the dashed lines in Fig. 5. It
is noteworthy that for n» > 1 (during stage b) the
growth rate of the stratified layer depth, dh/ds,
increases with time.

Recalling the earlier (Section 4.2) observations of
the crystal morphology, it is noticed that in each series
of experiments, the range of undercooling over which
n changes its value corresponds to the transition from
packed to spiky growth. Therefore it is suggested that
at low undercooling, when the dendrites at the m-1
interface are packed the exponent of the growth of the
stratified layer depth is 1.1. At larger undercooling, as
the dendrites become spiky, the exponent increases to
1.5. Two experiments performed within the range of
transition from packed to spiky crystal growth
resulted with an intermediate value of n =~ 1.3. The
irregular packed structure observed in Fig. 3(c) cor-
responds to one of these experiments.

Very few experimental studies were done in which
the growth of the stratified layer due to solidification
of aqueous solutions in cavities was analyzed quan-
titatively. Thompson and Szekely [5] studied two-
dimensional crystallization in a sub-eutectic solution
with morphologically unstable crystal. On the basis
of their observations (their Fig. 2) we have measured
the thickness of the stratified layer as a function of
time at four states during solidification. These data
points resulted with » = 1.1 which is very close to our
average value of 1.11 for the regime of packed growth
in the present axisymmetric geometry. It is noticed
that during this experiment they observed horizontal
double diffusivé layers. Recently, Chellaiah et al. [17]
studied solidification of NaCl aqueous solution at a
vertical boundary. Their initial concentration was
sub-eutectic in which case the stratified layer grows
from the bottom of the cavity. For one of their exper-
iments they have shown that the thickness of the strati-

J. TANNY

fied layer was growing linearly with time. In terms of
the present study this means that » = 1, which is in
fair agreement with our value of 1.11 for the regime
of packed growth.

As mentioned earlier, the stratified layer
approaches a final depth which must be equal to or
smaller than the height of the fluid in the enclosure.
The dimensionless final depth of the stratified layer
h¢/ H was determined in the series of experiments with
Co = 10.3 wt %, and is shown in Fig. 6 as a function
of ®. Regimes of low and high values of A;/H are
observed with a transition at 1.21 < ® < 1.40. The
average values of low and high dimensionless depth
are 0.23 and 0.70, respectively, and these are rep-
resented by the horizontal dashed lines in Fig. 6. In
view of our earlier observations of the crystal mor-
phology, it is suggested that the transition from low
to high values of #/H is associated with the change
in the crystal morphology. Thus for a packed m-l
interface h/H = 0.23 while for a spiky interface,
he/H = 0.70.

4.4. The growth of the crystal

As seen in Fig. 3 the diameter of the growing crystal
is vertically non-uniform mainly because of the
environmental stratification. Furthermore, when the
m-| interface is spiky its surface is highly irregular as
also seen in Fig. 3. Therefore a typical diameter of the
crystal was defined as the diameter at the instan-
taneous depth of the moving density interface.

In Fig. 7 the typical crystal diameter is plotted as a
function of time for the same experiment of Fig. 4.
Essentially, the data points exhibit a behavior similar
to that of the stratified layer depth (Fig. 4), and three
different stages are observed. An initial transient period
(a), a stage of nearly constant slope () and eventually,
an approach to a final value (c¢). Again we focus on
stage b during which the growth exponent of the typi-
cal crystal diameter seems to be constant. This stage
corresponds to stage b of Fig. 4 over which most
growth of the stratified layer is taking place. During
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Fig. 6. The dimensionless final depth of the stratified layer

hy/H as a function of the applied undercooling © for the

series of experiments with C; = 10.3 wt %. The horizontal

dashed lines represent the average values of low and high
Ry H.
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Fig. 7. The typical crystal diameter, D, as a function of time
during crystallization with Cy = 10.3 wt %, ® =1.21. 4, b
and c represent three stages during the growth process.

this stage the instantaneous crystal diameter D can be
expressed as

Doct™ @)

where m is to be determined for each experiment. It is
emphasized again that this relation is valid only during
stage b since, as shown in Fig. 7, the crystal eventually
approaches a final typical diameter.

In each of the experiments where D was measured,
the value of m was estimated by fitting a straight line
to the data points corresponding to stage b, using the
least squares method (see Table 1). The data points
of the initial (a) and final (c) stages were not taken
into account. In part of the experiments the growth
of the typical crystal diameter with time was highly
irregular such that a single value of m could not be
determined. The resulted values of m for the two series
of experiments with C;, = 10.3 wt % and Cy = 12.7 wt
% are shown in Fig. 8 as a function of @. The symbols
are the same as those in Fig. 5. Two distinct values
of m are observed. For high m the average value is
m = 0.71+0.05 while for low m, its average value is
m = 0.45+0.09. These values are represented by the
dashed lines in Fig. 8. The range of undercooling over
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Fig. 8. The exponent m, equation (4), of the growth of the
typical crystal diameter as a function of the applied under-
cooling © for the two series of experiments: @ —C, = 10.3
wt %, [1—Cp, = 12.7 wt %. The horizontal dashed lines
represent the average values of low and high m.
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Fig. 9. The ratio m/n as a function of the undercooling ©.
®—C, =103 wt %, J—C, = 12.7 wt %. The horizontal
dashed line represents the average value of m/n.

which m changes its value corresponds to the
transition from packed to spiky structure of the m-1
interface. Thus, when the m-1 interface is packed
m = 0.45 and when it is spiky m = 0.7. In both regimes
m < 1 (during stage b) so that the growth rate of the
typical crystal diameter, dD/d¢, decreases with time.

It is remarkable that m = 0.45 for the packed
regime, not very different from the ' growth associ-
ated with one-dimensional (or axisymmetric) crys-
tallization into a semi-infinite domain without con-
vection [2, 18]. On the other hand, when the mush is
spiky its growth becomes "7 which is larger than ¢'?
for morphologically unstable growth in a one-dimen-
sional system [14].

On the basis of the above results, the ratio m/n,
which represents the relation between the typical crys-
tal diameter and the stratified layer depth, can be
calculated for each experiment. This ratio is shown in
Fig. 9 as a function of the dimensionless undercooling.
It is seen that m/n is approximately constant, inde-
pendent of the undercooling and the crystal
morphology. The average value of m/n for 10 exper-
iments is 0.44 +0.07 (as represented by the dashed line
in Fig. 9) which suggests that during stage b of the
crystallization process, # oc D**'. This exponent of D
is not much different from 2, the exponent anticipated
for a linear relation between the instantaneous
volumes of the stratified layer and the circular crystal.

5. SUMMARY

The development of a stratified layer due to crys-
tallization of a binary liquid at the outer surface of a
vertical circular pipe in an enclosure was investigated
experimentally by cooling uniform aqueous solutions
of Na,CO;. Experiments were carried out at two
different initial concentrations and various values of
undercooling. The morphology of the m-1 interface
and the growths of the stratified layer depth and the
typical crystal diameter were studied using the
shadowgraph technique.

Depending on the value of the dimensionless under-
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cooling, two morphologies of the dendrites in the
mushy zone were observed: packed and spiky, each
associated with a quantitatively different behavior of
the system. For a packed m-l interface the stratified
layer depth grows like ¢! and the typical crystal diam-
eter like °*°. However, when the m-1 interface is spiky
the growths of the stratified layer depth and the typical
crystal diameter become #'* and ¢*7, respectively.

The transition from packed to spiky m-1 interface
seems to be associated with the decrease of the cooled
boundary temperature below the eutectic temperature
of the binary solution. In one series of experiments
(with Cy = 10.3 wt %) this transition was quite abrupt
while in the series with the higher concentration
(Co = 12.7 wt %) it was much more gradual. Thus,
further studies both experimental and numerical, are
needed to explore the characteristics of this transition
process in more detail. Furthermore, before the results
obtained here can be applied to geological or indus-
trial solidification processes, more research is required
in a wider range of undercooling, in different geo-
metries and aspect ratios of the enclosure and in fluids
with different Pr and Le numbers.
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